This table summarizes megaflops I observed in summation and dot product, counting only summation operations. Modern processor can multiply in parallel with summation, so here we count both ∑ and ∑ like same operations. We also ignore any additional operations twofold and Kahan summation methods do for assessing or compensating inaccuracy. This way we compare performance of various methods against simple direct summation.
To track dependency on memory bandwidth, I tested with small, medium-size, and large data arrays, which fit to processor fastest L1 cache, fit to last-level (L3) cache, and do not fit to processor cache.
Every function tested with single and double precisions, float and double types of C/C++. For testing with higher-precision accumulator, I used double accumulator for summation of float data, and used quad accumulator for double-precision data (__float128 with GNU C++, and _Quad for Intel C++).
Same functions compared with and without vectoring for AVX. For no-vectoring variant, I used the best of compiler optimization with strict floating-point math. Note, that we cannot allow fast-math compiler optimizations for twofold and Kahan summation, as these methods essentially base on the tricks with correctly rounding the results of the specific math expressions. Fast-math optimization can damage it.
For vectored variant, I have made more-or-less tricky hand-made vectoring with AVX intrinsic functions supplied with the compilers. The reason for optimizing manually is that compiler's optimized code gives only around 1/3 of processor's peak performance. My manual optimization yields higher performance close to processor theoretical peak, up to 24 gigaflops for float and 12 gigaflops for double.
The functions tested here are the following:
 sum, dot: simple direct summation and dot product, compiled for strict math, no AVX  sumd, dotd: same but with higher-precision accumulator, strict math, no AVX vectoring Free for non-commercial use  sumtf, dottf: twofold fast summation, strict floating-point math, no AVX vectorization  sumt, dott: twofold rigorous summation, strict floating-point math, no AVX vectorization  sumk, dotk: compensatory summation (aka: Kahan summation), strict math, no AVX  usum, udot, usumd, udotd, usumtf, udottf, usumt, udott, usumk, udotk: strict math, no AVX, but trickier C/C++ coding for peak performance for scalar computing (without SIMD vectorization)  vsum, vdot, vsumd, vdotd: simple functions vectorized for AVX with best compiler optimization  asum, adot, asumd, adotd, asumtf, adottf, asumt, adott, asumk, adotk: naïve AVX vectoring  hsum, hdot, hsumd, hdotd, hsumtf, hdottf, hsumt, hdott, hsumk, hdotk: better AVX vectoring, for performance close to theoretical peak, appears much faster than naïve AVX vectoring  psum, pdot, psumd, pdotd, psumtk, pdottk, psumt, pdott, psumk, pdotk: same as hsum, … but without actually reading from memory, I use it for checking if can get close to processor peak  read1, read2: reading memory without actually doing any computations, test memory impact Let us interpret these performance results. Please note that my test is not designed for exact measuring the execution time, it rather assumes to demonstrate how the concept works in overall:
Memory reading
Functions read1 and read2 test AVX reading from memory with one and two arrays of data, simulating reading for summation and for dot product correspondingly. For small array, my test shows nearly one reading per CPU tick, which at 3 GHz would give reading 24 (=3×8) billion float numbers or 12 (=3×4) billions of double-precision numbers per second. For summation, this can feed up to 24 gigaflops for float and 12 gigaflop for double, which is the processor peak. For dot product, such reading bandwidth would feed twice fewer gigaflops, because dot product needs twice more data per summation.
Such 2x loss in read2 test looks unexpected for me; maybe coding in assembler could give better results. My reading test and manually optimized functions are written with AVX intrinsic functions supplied with C/C++ compiler, which might imply some limitations.
Reading float numbers through one channel (for summation) from large array that cannot fit into cache shows 5 billion per second, which would be 20 gigabytes per second, fairly close to maximal 25.6 GB per second for this processor and memory. Reading from two large arrays gives twice less floats per second. For double precision, reading shows similar pattern, though at 20% fewer performance for large arrays (such 20% difference looks unexpected for me).
Purely computing (w/o memory reading)
Consider manually vectorized function names starting with "p" like psum, pdot, etc. These p-functions purely compute but do not actually read from memory (they operate with the minimal piece of data in processor registers). This way, we can estimate quality of optimization: if encoded optimally, p-functions must demonstrate highest performance close to processor theoretical peak. And they actually do:
Theoretical peak for psum, pdot is doing one AVX summation per processor tick, which at 3 GHz would do 24 (=3×8) gigaflops for float and 12 (=3×4) gigaflop for double type. Note, we count only summations, and do not count multiplications for dot product. Look at the table for psum, pdot results; they look pretty close to the peak, modulo some inaccurate measuring in this test.
Twofold fast summation spends 3 extra add/subtract operations per vector item for assessing the error of rounding, so do 4 operations per data item. Thus, theoretical peak for twofold-fast method would be 4 times lower, 6 gigaflops for float and 3 gigaflops for double type. Peak for Kahan summation is the same, as it also does 3 extra operations per data item. Look at results for psumtf, pdottf, psumk, pdotk. Free for non-commercial use More rigorous twofold summation takes 7 add/subtract operations per data item, so peak performance for psumt, pdott functions is 3.4 (≈24/7) gigaflops for floats, and 1.7 (≈12/7) gigaflops for doubles. Look at the table for the results of the psumt, pdott functions.
Test results for psumd, pdotd which use double-precision accumulator for float data is 12 gigaflops, the theoretical peak for summation with double precision.
Here we do not test quad precision, which AVX doesn't support.
To conclude: the p-functions look optimized very high and utilize processor capacity at theoretical peak.
Highly optimized functions
Highly optimized function names start with "h" prefix like hsum, hdot, etc. These functions share same code with p-prefixed functions psum, pdot, etc. The difference is that h-functions do read memory.
Please look at the testing results with small data arrays that can fit into processor fastest L1 cache:
Reading does not affect performance of the hsum function, so it shows the peak 24 gigaflops for float and 12 gigaflops for double. For hdot however, reading impact is substantial, as reading is apparently limited like demonstrated with the read2 test. So hdot performs twice slower, at 12 gigaflops for single precision and 6 gigaflops for double.
Reading from L1 cache does not limit twofold and Kahan methods as they more depend on processor capacity. Reading from L1 appears to impact hsumd, hdotd; unexpectedly for me.
If we look at results with large arrays that cannot fit into processor cache, performance of simple hsum, hdot looks completely determined by the reading bandwidth in this case. Compare hsum, hdot results with read1, read2 for large arrays.
Dependency for twofold and Kahan methods look more complicated. Please note however, that twofold and Kahan methods perform at nearly same level as simple summation for large arrays, because of the negative impact of memory reading. Processor is underused while fetching data, and twofold and Kahan methods can effectively leverage this resource for assessing or compensating rounding errors.
Note, that twofold fast summation for double precision data works 30-100 times faster than if we used quad precision for improving accuracy. Look at sumd, dotd results (quad is g++ __float128 here).
Naïve vectorization for AVX
For making a wider picture, the table includes v-prefixed functions vsum, vdot, vsumd, vdotd compiled for AVX with fast-math and maximal optimization options:
g++ -ffast-math -O3 -mavx … The other a-prefixed functions asum, adot, etc. are my hand-made made naïve vectorization for AVX. The code is pretty much the same as for v-functions with two important exceptions: a-functions do not accept unaligned data, and I vectorized trickier twofold and Kahan methods that compiler cannot.
Both hand-made simple asum, adot and vsum, vdot perform at around at 1/3 of processor peak, 8 gigaflops for float and 4 gigaflops for double type. The point here is unresolved data dependency. Next AVX instruction cannot start before previous ends, as next instruction uses result of the previous. For the tested processor, latency of AVX summation is 3 ticks, so we observe 3 times slower performance.
The h-prefixed functions we consider above feed the conveyor every tick, so gain 100% of CPU capacity. Free for non-commercial use
Scalar u-functions
Next group is functions with names prefixed with "u", usum, udot, etc. These functions coded purely in C++, and compiled with best optimizations but with strict math option and without vectoring for AVX. The coding is tricky enough to resolve the data dependency, so enable nearly peak performance for nonvectored case, which is one summation per processor tick, or 3 gigaflops if doing at 3 gigahertz.
Twofold fast summation performs at 750 megaflops with such coding, as expected because it does 4 of add/subtract operations per data item. Twofold rigorous method performs at nearly 430 megaflops, which is expected 1/7 of processor peak, as it does 7 operations per data item.
Kahan compensatory summation with 4 operations per item performs at 750 megaflops as expected.
Scalar functions
The last but not least group is functions with no prefix in the name, sum, dot, etc. This is straightforward basic variant of coding, compiled with maximal optimization but with strict math. Note, that we cannot compile twofold and Kahan methods with fast-math option, as associative optimization can damage the tricks with rounding errors on which these methods rely.
Performance of all methods looks disappointing in this test, but even so twofold-fast summation for double precision is still 20 times faster than using quad precision for improving or assessing accuracy.
Conclusion
SIMD vectorization is the must for enjoying twofold bonuses with minimal performance loss. With AVX vectorization, modern processor is faster than memory, so twofold can utilize underused CPU capacity for additional useful job, improving accuracy and automating control of errors accumulation.
This seems a general trend. Due to more cores and larger SIMD conveyors, math software can typically use only part, maybe 10% of processor capacity. Leveraging the remaining 90% gap is the opportunity; and twofold fast or Kahan summation is an obvious way for utilizing this gap. Free for non-commercial use
Algorithms
Twofold approach combines of well-known techniques investigated in 1960 and 1970. Specifically, twofold bases on two theorems usually credited to Dekker and Knuth. Following is citation from the Shewchuk paper [4] dedicated to automatically adapting accuracy to specific computations. Here, symbols ⊕ and ⊝ mean floating-point add/subtract operations with correctly rounding to even: Theorem 1 (Dekker). Let and be -bit floating-point numbers such that | | ≥ | |. Then the following algorithm will produce a non-overlapping expansion + such that + = + , where is approximation to + and represents the round-off error in the calculation of .
Theorem 2 (Knuth). Let and be -bit floating-point numbers, where ≥ 3. Then the following algorithm will produce a non-overlapping expansion + such that + = + .
The 2 nd theorem eliminates the need in checking if | | ≥ | | for the cost of 3 additional operations. With modern processors, 3 additional add/subtract operations would cost less than conditional branching, so the software like for double-double and quad-double arithmetic use to base on the Knuth theorem.
Twofold fast summation however bases on the Dekker theorem, as for the goals of twofold summation, there is no much practical benefit in the more rigorous formula. Following is non-optimized code: The difference is the accent: while Kahan method strives minimizing the rounding error, twofold fast summation computes the value exactly like a simple direct summation would and tries estimating its inaccuracy by collecting the round-offs with the separate error variable. Provided the round-offs are much smaller than the data items, the error must reasonably estimate inaccuracy of the value.
Once we get an error estimate, what shall we do with it? We can just ignore it, or use it for improving accuracy. The sum of value + error must be more accurate than value alone, even if evaluated with the number's original precision. If we evaluate value + error with higher precision, my result must be more accurate than for Kahan summation, because the error can accumulate more of the significant bits.
But I think the better idea would be to interrupt computations if error gets too large. Such situation would basically signal that the used floating-point precision looks not enough for the specific task. Maybe it is worth to think of using higher-precision numbers, like use double instead of float.
Here is the code (non-optimized variant) for the Kahan and simple summation functions: Sources for the other functions used in this article are available at my Web page [7] .
Accuracy
Following table shows results of accuracy testing for different summation methods: Because most of the test array elements are of same order by magnitude, this must be a good case for twofold summation. Indeed, twofold fast sum appears same accurate as quad-precision sum in most of the test cases here. Now let us see how twofold techniques works in the "100 hours" test which I know from Marius Cornea, and which I think must be a well-known test:
Imagine a timer that ticks every 1/10 of second and on each tick adds 0.1 to a single-precision counter.
What time would such clock show after 100 hours? With single precision, round-off errors accumulate too much, so summation shows ~96 hours instead of 100. Let us see how various summation methods would address this problem. Here "double" method is same timer but with double precision counter: ulp(1) for the used floating-point precision (ulp is "unit in last position"). As the average-case, it is useful to assume, that the round-offs might have different signs. Assuming sign is random, averagecase estimate for relative error in direct summation would be O(√ ). 
Conclusion
Floating-point arithmetic works perfectly in millions of applications, but fails sometimes due to rounding errors accumulation. Debugging such failures is difficult; and ideally, computer should resolve such cases automatically or at least track it and signal clearly if a failure. Obvious idea for that is simply increasing precision of floating-point numbers, which we often do by using double precision instead of single.
Obvious next step would be using quad precision, if double appears not enough. This is good approach, except available implementations of quad arithmetic are very slow, 100 or even more times slower than double precision with modern processors. Double-double and many-of-doubles techniques allow better precision in a different manner.
Tracking round-offs was one of the reasons for introducing interval arithmetic in 1950 th or even earlier. However, intervals look more appropriate for their main reason, guaranteeing the boundaries for result. Such more ambitious goal makes intervals to get much wider than we need for tracking rounding errors in an "average case" assumption, as interval summation must cover all cases including the worst one.
Twofold fast summation combines the double-double and interval techniques and represent an exact real with value + error pair of floating-point numbers. Similar to double-double, value + error must be more accurate than value alone, so error can estimate interval between the value and its exact target. Unlike double-double, twofold strives to estimate inaccuracy rather than compensate it.
Unlike intervals, twofold estimate cannot guarantee the boundaries for the exact result, so can provide completely wrong perception of the result and of the accuracy of the approximation. But I think, more probably twofold would more-or-less correctly estimate accumulation of inaccuracy in computations. Improving the actual precision with value + error would be a free bonus.
Key advantage of twofold approach is its high performance with modern processors. If leveraging SIMD vectorization appropriately, twofold would work only 1-4 times slower than the best of top-performing manually optimized direct summation. Anyway, even in worst case twofold assessment works at least 20-100 times faster than if we used quad precision for tracking inaccuracy.
Moreover, in a typical situation if at least part of data is not pre-loaded to processor cache, twofold fast summation can perform at the same level as highly optimized direct method. Because processor is much faster than memory, direct method can use only part of CPU capacity, maybe 10%. Twofold fast method can utilize the remaining 90% and do the useful extra job while fetching the data from memory.
Underusing CPU capacity would be the general trend, as newer processors with more cores and wider SIMD conveyor would increase the performance gap with memory. It becomes profitable utilizing this gap for something useful; and twofold fast summation is an obvious example.
